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Abstract
In this paper we consider eigenvalues of the Dirichlet biharmonic operator on compact Riemannian man-
ifolds with boundary (possibly empty) and prove a general inequality for them. By using this inequality,
we study eigenvalues of the Dirichlet biharmonic operator on compact domains in a Euclidean space or a
minimal submanifold of it and a unit sphere. We obtain universal bounds on the (k + 1)th eigenvalue on
such objects in terms of the first k eigenvalues independent of the domains. The estimate for the (k + 1)th
eigenvalue of bounded domains in a Euclidean space improves an important inequality obtained recently
by Cheng and Yang.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let Ω be a connected bounded domain with smooth boundary in an n( 2)-dimensional
Euclidean space Rn and let ν be the outward unit normal vector field of ∂Ω . Denote by  the
Laplacian operator on Rn. Consider the Dirichlet biharmonic operator or the clamped plate
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Q. Wang, C. Xia / Journal of Functional Analysis 245 (2007) 334–352 335problem which describes the characteristic vibrations of a clamped plate. This problem is given
by
2u = λu in Ω ⊂Rn, u|∂Ω = ∂u
∂n
∣∣∣∣
∂Ω
= 0. (1.1)
Payne, Pólya and Weinberger proved in [13] that the eigenvalues {λi}∞i=1 of the problem (1.1)
satisfy
λk+1 − λk  8(n + 2)
n2
1
k
k∑
i=1
λi. (1.2)
As a generalization of (1.2), Hile and Yeh obtained [11]
k∑
i=1
λ
1/2
i
λk+1 − λi 
n2k3/2
8(n + 2)
(
k∑
i=1
λi
)−1/2
. (1.3)
Hook [12], Chen and Qian [5] proved, independently, the following inequality:
n2k2
8(n + 2) 
(
k∑
i=1
λ
1/2
i
)(
k∑
i=1
λ
1/2
i
λk+1 − λi
)
. (1.4)
Recently, answering a question of Ashbaugh [1], Cheng and Yang [6] proved the following re-
markable estimate:
λk+1 − 1
k
k∑
i=1
λi 
(
8(n + 2)
n2
)1/2 1
k
k∑
i=1
(
λi(λk+1 − λi)
)1/2
. (1.5)
As a consequence of (1.5), Cheng and Yang obtained an upper bound for the (k+1)th eigenvalue
in terms of its first k-eigenvalues of the problem (1.1):
λk+1 
(
1 + 4(n + 2)
n2
)
1
k
k∑
i=1
λi
+
{(
4(n + 2)
n2
1
k
k∑
i=1
λi
)2
− 8(n + 2)
n2
1
k
k∑
i=1
(
λi − 1
k
k∑
j=1
λj
)2}1/2
. (1.6)
One can find other important estimates on eigenvalues of some special differential operators,
e.g. in [2–4,7–10], etc. To authors’ knowledge, little is known about the universal bounds on
eigenvalues of the biharmonic operator on Riemannian manifolds other than the Euclidean space.
It is therefore natural to consider the following problem.
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connected domain in M with smooth boundary ∂Ω . Denote by ν the outward unit normal vector
field of ∂Ω and consider the eigenvalue problem:
2u = λu in Ω, u|∂Ω = ∂u
∂ν
∣∣∣∣
∂Ω
= 0. (1.7)
For what kind of M , there exists a universal bound on the (k + 1)th eigenvalue in terms of the
first k eigenvalues of (1.7)?
In this paper, we prove some general inequalities for the eigenvalues of the problem (1.7).
By using these inequalities, we obtain, when Ω is a compact domain in a Euclidean space or a
minimal submanifold of it, or a unit sphere, explicit universal bounds for the (k+1)th eigenvalue
in terms of the first k eigenvalues of the problem (1.11). For example, we show that if Ω is a
compact domain in an n-dimensional minimal submanifold of Rm, then the eigenvalues of the
problem (1.7) satisfy the following inequality (see Corollary 3.1) which is sharper than (1.6):
λk+1 
(
1 + 4(n + 2)
n2
)
1
k
k∑
i=1
λi
+
{(
4(n + 2)
n2
1
k
k∑
i=1
λi
)2
−
(
1 + 8(n + 2)
n2
)
1
k
k∑
j=1
(
λj − 1
k
k∑
i=1
λi
)2}1/2
. (1.8)
When Ω is a compact domain in Rn, we show that (see Corollary 3.2)
λk+1 
1
k
k∑
i=1
λi +
{
64
n2k2
(
k∑
i=1
λ
1/2
i
)(
k∑
i=1
λ
3/2
i
)
− 1
k
k∑
j=1
(
λj − 1
k
k∑
i=1
λi
)2}1/2
, (1.9)
which implies that (see Corollary 3.3)
λ2 
(
1 + 8
n
)
λ1 (1.10)
and when n 8
λk+1 
(
1 + 8
n
)
1
k
k∑
i=1
λi. (1.11)
We remark that (1.5) only gives λ2  (1 + 8(n+2)n2 )λ1 which is weaker than (1.10).
2. General inequalities for eigenvalues of the Dirichlet biharmonic operator
on Riemannian manifolds
In this section, we prove some general inequalities for eigenvalues of the clamped plate prob-
lem on compact Riemannian manifolds.
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boundary ∂M (possibly empty) and let ν be the outward unit normal vector field of ∂M . Denote
by  the Laplacian operator of M and consider the eigenvalue problem
2u = λu in M, u|∂M = ∂u
∂ν
∣∣∣∣
∂M
= 0. (2.1)
Let λi , i = 1, . . . , be the ith eigenvalue of the problem (2.1) and ui be the orthonormal eigen-
function corresponding to λi , that is,
2ui = λiui in M, ui |∂M = ∂ui
∂ν
∣∣∣∣
∂M
= 0,
∫
M
uiuj = δij , for any i, j = 1,2, . . . .
(2.2)
Then for any function h ∈ C4(M) ∩ C3(∂M) and any positive integer k, we have
k∑
i=1
(λk+1 − λi)2wi 
k∑
i=1
(λk+1 − λi)‖pi‖2, (2.3)
k∑
i=1
(λk+1 − λi)2
∫
M
(−hu2i h − 2hui〈∇h,∇ui〉)
 δ
k∑
i=1
(λk+1 − λi)2ωi +
k∑
i=1
(λk+1 − λi)
δ
∥∥∥∥〈∇h,∇ui〉 + uih2
∥∥∥∥
2
(2.4)
and
k∑
i=1
(λk+1 − λi)2
∫
M
(−hu2i h − 2hui〈∇h,∇ui〉)
 δ
k∑
i=1
(λk+1 − λi)‖pi‖2 + 1
δ
k∑
i=1
(λk+1 − λi)
∥∥∥∥〈∇h,∇ui〉 + uih2
∥∥∥∥
2
, (2.5)
where δ is any positive constant, ‖g‖2 = ∫
M
g2,
ωi =
∫
M
{
hui
(
(uih) + 2〈∇h,∇ui〉 + 2
〈∇h,∇(ui)〉+ hui)} (2.6)
and
pi = (uih) + 2〈∇h,∇ui〉 + 2
〈∇h,∇(ui)〉+ hui. (2.7)
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φi = hui −
k∑
j=1
rij uj , (2.8)
where
rij =
∫
M
huiuj . (2.9)
Since φi |∂M = ∂φi∂ν |∂M = 0 and ∫
M
ujφi = 0, ∀i, j = 1, . . . , k, (2.10)
it follows from the Rayleigh–Ritz inequality that
λk+1 
∫
M
φi
2φi∫
M
φ2i
. (2.11)
Let us compute:
∫
M
φi
2φi =
∫
M
φi
2(hui)
=
∫
M
φi
(
(uih) + 2〈∇h,∇ui〉 + 2
〈∇h,∇(ui)〉+ hui + λihui)
= λi‖φi‖2 +
∫
M
φipi = λi‖φi‖2 +
∫
M
huipi −
k∑
j=1
rij sij , (2.12)
where
sij =
∫
M
piuj =
∫
M
uj
(
(uih) + 2〈∇h,∇ui〉 + 2
〈∇h,∇(ui)〉+ hui). (2.13)
Using integration by parts, we have
∫
M
uj 〈∇h,∇ui〉 −
∫
M
ui〈∇h,∇uj 〉
= −
∫
hdiv(uj∇ui) +
∫
hdiv(ui∇uj )
M M
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∫
M
〈
h∇(uj ),∇ui
〉+ ∫
M
〈
h∇(ui),∇uj
〉
=
∫
M
ui div
(
h∇(uj )
)− ∫
M
uj div
(
h∇(ui)
)
=
∫
M
(
λjhuiuj +
〈
ui∇h,∇(uj )
〉)− ∫
M
(
λihuiuj +
〈
uj∇h,∇(ui)
〉)
= (λj − λi)rij −
∫
M
uj
(〈∇ui,∇h〉 + uih)+
∫
M
ui
(〈∇uj ,∇h〉 + ujh), (2.14)
which implies that
2
∫
M
uj 〈∇h,∇ui〉 − 2
∫
M
ui〈∇h,∇uj 〉
= (λj − λi)rij −
∫
M
uiujh +
∫
M
ujuih, (2.15)
where div(Z) denotes the divergence of Z. We also have
∫
M
uj〈∇h,∇ui〉 +
∫
M
uj
〈∇h,∇(ui)〉
=
∫
M
uj 〈∇h,∇ui〉 −
∫
M
ui〈∇h,∇uj 〉 −
∫
M
ujuih (2.16)
and ∫
M
uj
(
(uih)
)= ∫
M
uiujh. (2.17)
Combining (2.13)–(2.17), we get
sij = (λj − λi)rij . (2.18)
It follows from (2.11), (2.12) and (2.18) that
(λk+1 − λi)‖φi‖2 
∫
M
φipi = wi +
k∑
j=1
(λi − λj )r2ij (2.19)
and so
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(∫
M
φipi
)2
= (λk+1 − λi)
(∫
M
φi
(
pi −
k∑
j=1
sij uj
))2
 (λk+1 − λi)‖φi‖2
(
‖pi‖2 −
k∑
j=1
s2ij
)

(∫
M
φipi
)(
‖pi‖2 −
k∑
j=1
s2ij
)
, (2.20)
that is
(λk+1 − λi)
∫
M
φipi  ‖pi‖2 −
k∑
j=1
s2ij . (2.21)
Multiplying (2.21) by (λk+1 − λi) and summing on i from 1 to k, one gets
k∑
i=1
(λk+1 − λi)2
∫
M
φipi 
k∑
i=1
(λk+1 − λi)‖pi‖2 −
k∑
i,j=1
(λk+1 − λi)(λi − λj )2r2ij . (2.22)
By (2.19) and rij = rji , we infer
k∑
i=1
(λk+1 − λi)2
∫
M
φipi =
k∑
i=1
(λk+1 − λi)2wi +
k∑
i,j=1
(λk+1 − λi)2(λi − λj )r2ij
=
k∑
i=1
(λk+1 − λi)2wi −
k∑
i,j=1
(λk+1 − λi)(λi − λj )2r2ij . (2.23)
Consequently, we have
k∑
i=1
(λk+1 − λi)2wi 
k∑
i=1
(λk+1 − λi)‖pi‖2, (2.24)
which shows that (2.3) is true.
In order to prove (2.4), let us set
tij =
∫
M
uj
(
〈∇h,∇ui〉 + uih2
)
; (2.25)
then tij + tj i = 0 and
∫
(−2)φi
(
〈∇h,∇ui〉 + uih2
)
= vi + 2
k∑
j=1
rij tij , (2.26)
M
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vi =
∫
M
(−hu2i h − 2hui〈∇h,∇ui〉). (2.27)
Multiplying (2.26) by (λk+1 − λi)2 and using Schwarz inequality and (2.19), we get
(λk+1 − λi)2
(
vi + 2
k∑
j=1
rij tij
)
= (λk+1 − λi)2
∫
M
(−2)φi
((
〈∇h,∇ui〉 + uih2
)
−
k∑
j=1
tij uj
)
 δ(λk+1 − λi)3‖φi‖2 + (λk+1 − λi)
δ
∫
M
∣∣∣∣∣〈∇h,∇ui〉 + uih2 −
k∑
j=1
tij uj
∣∣∣∣∣
2
= δ(λk+1 − λi)3‖φi‖2 + (λk+1 − λi)
δ
(∥∥∥∥〈∇h,∇ui〉 + uih2
∥∥∥∥
2
−
k∑
j=1
t2ij
)
 δ(λk+1 − λi)2
(
wi +
k∑
j=1
(λi − λj )r2ij
)
+ (λk+1 − λi)
δ
(∥∥∥∥〈∇h,∇ui〉 + uih2
∥∥∥∥
2
−
k∑
j=1
t2ij
)
. (2.28)
Summing over i from 1 to k for (2.28) and noticing rij = rji , tij = −tj i , we get
k∑
i=1
(λk+1 − λi)2vi − 2
k∑
i,j=1
(λk+1 − λi)(λi − λj )rij tij

k∑
i=1
(λk+1 − λi)2δwi +
k∑
i=1
(λk+1 − λi)
δ
∥∥∥∥〈∇h,∇ui〉 + uih2
∥∥∥∥
2
−
k∑
i,j=1
(λk+1 − λi)δ(λi − λj )2r2ij −
k∑
i,j=1
(λk+1 − λi)
δ
t2ij ,
which gives
k∑
i=1
(λk+1 − λi)2vi  δ
k∑
i=1
(λk+1 − λi)2wi + 1
δ
k∑
i=1
(λk+1 − λi)
∥∥∥∥〈∇h,∇ui〉 + uih2
∥∥∥∥
2
.
Hence (2.4) is true. Substituting (2.3) into (2.4), one gets (2.5). 
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inRm
In this section, we will prove universal bounds on eigenvalues of the clamped plate problem
on compact minimal submanifolds or connected bounded domains in a Euclidean space by using
Theorem 2.1. Our first result concerns bounded domains of minimal submanifolds in Rm.
Theorem 3.1. Let M be an n-dimensional complete minimal submanifold in Rm and let Ω be
a connected bounded domain in M . Let  be the Laplacian of M and denote by λi the ith
eigenvalue of the eigenvalue problem
2u = λu in Ω, u|∂Ω = ∂u
∂ν
∣∣∣∣
∂Ω
= 0.
Then it holds
k∑
i=1
(λk+1 − λi)2 
(
8(n + 2)
n2
)1/2( k∑
i=1
(λk+1 − λi)2λ1/2i
)1/2( k∑
i=1
(λk+1 − λi)λ1/2i
)1/2
.
(3.1)
Corollary 3.1. Under the same assumptions as in Theorem 3.1, we have
λk+1 
(
1 + 4(n + 2)
n2
)
1
k
k∑
i=1
λi
+
{(
4(n + 2)
n2
1
k
k∑
i=1
λi
)2
−
(
1 + 8(n + 2)
n2
)
1
k
k∑
j=1
(
λj − 1
k
k∑
i=1
λi
)2}1/2
. (3.2)
For bounded domains in Rn, we have
Theorem 3.2. Let Ω be a connected bounded domain in Rn and let  be the Laplacian of Rn.
Denote by λi the ith eigenvalue of the eigenvalue problem
2u = λu in Ω, u|∂Ω = ∂u
∂ν
∣∣∣∣
∂Ω
= 0.
Then
k∑
i=1
(λk+1 − λi)2  8
n
(
k∑
i=1
(λk+1 − λi)λ3/2i
)1/2( k∑
i=1
(λk+1 − λi)λ1/2i
)1/2
. (3.3)
Proof of Theorem 3.1. Let x1, x2, . . . , xm be the standard Euclidean coordinate functions ofRm.
Since M is a minimal submanifold of Rm, we have
xα = 0, α = 1,2, . . . ,m.
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k∑
i=1
(λk+1 − λi)2
∫
Ω
(−2xαui〈∇xα,∇ui〉)
 δ
k∑
i=1
(λk+1 − λi)2
∫
Ω
xαui
(
2〈∇xα,∇ui〉 + 2
〈∇xα,∇(ui)〉)
+1
δ
k∑
i=1
(λk+1 − λi)
∥∥〈∇xα,∇ui〉∥∥2. (3.4)
Summing over α, we have
k∑
i=1
(λk+1 − λi)2
m∑
α=1
∫
Ω
(−2xαui〈∇xα,∇ui〉)
 δ
k∑
i=1
(λk+1 − λi)2
m∑
α=1
∫
Ω
xαui
(
2〈∇xα,∇ui〉 + 2
〈∇xα,∇(ui)〉)
+ 1
δ
k∑
i=1
(λk+1 − λi)
m∑
α=1
∥∥〈∇xα,∇ui〉∥∥2. (3.5)
Observe that
m∑
α=1
|∇xα|2 = n,
m∑
α=1
〈∇xα,∇ui〉2 =
m∑
α=1
(∇ui(xα))2 = |∇ui |2. (3.6)
Thus we have
m∑
α=1
∫
Ω
(−2xαui〈∇xα,∇ui〉)= 12
m∑
α=1
∫
Ω
u2i x
2
α = n,
m∑
α=1
∥∥〈∇xα,∇ui〉∥∥2 =
∫
Ω
|∇ui |2  λ1/2i (3.7)
and
m∑
α=1
∫
Ω
xαui
(
2〈∇xα,∇ui〉 + 2
〈∇xα,∇(ui)〉)
= 2
m∑
α=1
∫
(xαui)〈∇xα,∇ui〉 − 2
m∑
α=1
∫
ui div(xαui∇xα)Ω Ω
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m∑
α=1
∫
Ω
(
4〈∇xα,∇ui〉2 + 2xα(ui)〈∇xα,∇ui〉
)− 2 m∑
α=1
∫
Ω
ui
(|∇xα|2ui + 〈xα∇xα,∇ui〉)
= 4
∫
Ω
|∇ui |2 − 2n
∫
Ω
uiui
= (4 + 2n)
∫
Ω
(−uiui) (4 + 2n)‖ui‖ · ‖ui‖ (4 + 2n)λ1/2i . (3.8)
Substituting (3.7) and (3.8) into (3.5), we arrive at
n
k∑
i=1
(λk+1 − λi)2  (4 + 2n)δ
k∑
i=1
(λk+1 − λi)2λ1/2i +
1
δ
k∑
i=1
(λk+1 − λi)λ1/2i .
Taking
δ =
{ ∑k
i=1(λk+1 − λi)λ1/2i
(4 + 2n)∑ki=1(λk+1 − λi)2λ1/2i
}1/2
,
we get (3.1). This completes the proof of Theorem 3.1. 
Proof of Corollary 3.1. By induction, one can show that the following inequality holds:
(
k∑
i=1
(λk+1 − λi)2λ1/2i
)(
k∑
i=1
(λk+1 − λi)λ1/2i
)

(
k∑
i=1
(λk+1 − λi)2
)(
k∑
i=1
(λk+1 − λi)λi
)
.
It then follows from (3.1) that
k∑
i=1
(λk+1 − λi)2  8(n + 2)
n2
k∑
i=1
(λk+1 − λi)λi .
Solving this quadratic polynomial of λk+1, we get (3.2). 
Proof of Theorem 3.2. Let x1, x2, . . . , xn be the standard Euclidean coordinate functions of Rn;
then
xα = 0, 〈∇xα,∇ui〉 =
〈∇xα,∇(ui)〉. (3.9)
It follows from (2.5) by taking h = xα that
k∑
i=1
(λk+1 − λi)2
∫
Ω
(−2xαui〈∇xα,∇ui〉)

k∑
(λk+1 − λi)
(
16δ
∥∥〈∇xα,∇(ui)〉∥∥2 + 1
δ
∥∥〈∇xα,∇ui〉∥∥2
)
. (3.10)i=1
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k∑
i=1
(λk+1 − λi)2
n∑
α=1
∫
Ω
(−2xαui〈∇xα,∇ui〉)

k∑
i=1
(λk+1 − λi)
n∑
α=1
(
16δ
∥∥〈∇xα,∇(ui)〉∥∥2 + 1
δ
∥∥〈∇xα,∇ui〉∥∥2
)
. (3.11)
Since
n∑
α=1
∥∥〈∇xα,∇(ui)〉∥∥2 = ∥∥∇(ui)∥∥2 = −
∫
Ω
ui
2ui = λi
∫
Ω
(−uiui) λ3/2i ,
we have from (3.7) and (3.11) that
n
k∑
i=1
(λk+1 − λi)2 
k∑
i=1
(λk+1 − λi)
(
16δλ3/2i +
λ
1/2
i
δ
)
.
Taking
δ = 1
4
{∑k
i=1(λk+1 − λi)λ1/2i∑k
i=1(λk+1 − λi)λ3/2i
}1/2
,
one gets (3.3). This completes the proof of Theorem 3.2. 
Corollary 3.2. Under the assumptions of Theorem 3.2, we have
λk+1 
1
k
k∑
i=1
λi +
{
64
n2k2
(
k∑
i=1
λ
1/2
i
)(
k∑
i=1
λ
3/2
i
)
− 1
k
k∑
j=1
(
λj − 1
k
k∑
i=1
λi
)2}1/2
. (3.12)
Proof. Set
A =
k∑
i=1
λ
1/2
i , B =
k∑
i=1
λi, C =
k∑
i=1
λ
3/2
i , D =
k∑
i=1
λ2i , E =
k∑
i=1
λ
5/2
i ;
then
(
k∑
i=1
(λk+1 − λi)λ3/2i
)(
k∑
i=1
(λk+1 − λi)λ1/2i
)
= ACλ2k+1 −
(
AE + C2)λk+1 + CE. (3.13)
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1
k
A2  B A1/2C1/2
which gives
A3/2  kC1/2. (3.14)
Thus we have
BAA1/2C1/2A = A3/2C1/2  kC. (3.15)
The Schwarz inequality also implies that
BC A1/2C3/2 A1/2
(
A1/2E1/2
)3/2 = A5/4E3/4. (3.16)
From (3.14), one has
A3  k2C  k2A1/2E1/2
which gives
A5/2  k2E1/2. (3.17)
Introducing (3.17) into (3.16), we get
BC  kE. (3.18)
We also have
C  B1/2D1/2
and so
B A1/2C1/2 A1/2B1/4D1/4
which gives
B3/2 AD1/2,
thus
BC  BB1/2D1/2 = B3/2D1/2 AD. (3.19)
It follows from (3.15), (3.18), (3.19) and λk+1  C/A that(
AE + C2 − 2ACB
)
λk+1 
(
AE − ACB
)
C = CE − BC
2
 CE − DAC ,k k A k k
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−(AE + C2)λk+1 + CE AC
(
−2B
k
λk+1 + D
k
)
. (3.20)
Substituting (3.20) into (3.13), we get
(
k∑
i=1
(λk+1 − λi)λ3/2i
)(
k∑
i=1
(λk+1 − λi)λ1/2i
)
AC
(
λ2k+1 −
2B
k
λk+1 + D
k
)
= AC
k
k∑
i=1
(λk+1 − λi)2.
Thus we have from (3.3) that
k∑
i=1
(λk+1 − λi)2  64
kn2
AC.
Solving this quadratic polynomial, one gets (3.12). 
Corollary 3.3. Under the same assumptions as in Theorem 3.2, it holds
λ2 
(
1 + 8
n
)
λ1 (3.21)
and when n 8, we have
λk+1 
(
1 + 8
n
)
1
k
k∑
i=1
λi. (3.22)
Proof. From (3.3), it is obvious that (3.21) holds. Since
AC  (kB)1/2B1/2D1/2  kD
and n 8, it follows that
64
n2k2
AC − 1
k
k∑
j=1
(
λj − B
k
)2
= 64
n2k2
B2 − 64
n2k2
(kD − AC) −
(
1 − 64
n2
)
1
k
k∑
j=1
(
λj − B
k
)2
 64
n2
(
B
k
)2
.
Substituting the above inequality into (3.12), we have (3.22). 
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In this section, we will prove universal inequalities for eigenvalues of the clamped plate prob-
lem on compact connected domains in a unit n-sphere Sn.
Theorem 4.1. Let λi be the ith eigenvalue of the following eigenvalue problem:
2u = λu in Ω, u|∂Ω = ∂u
∂ν
∣∣∣∣
∂Ω
= 0,
where Ω is a compact connected domain in a unit n-sphere Sn. Then we have
k∑
i=1
(λk+1 − λi)2
 1
n
{
k∑
i=1
(λk+1 − λi)2
(
n2 + (2n + 4)λ1/2i
)}1/2{ k∑
i=1
(λk+1 − λi)
(
n2 + 4λ1/2i
)}1/2
. (4.1)
Corollary 4.1. Under the same assumptions as in Theorem 4.1, we have
λk+1  Sk+1 +
√
S2k+1 − Tk+1, (4.2)
where
Sk+1 = 1
k
k∑
i=1
λi + 12n2k
k∑
i=1
(
n2 + (2n + 4)λ1/2i
)(
n2 + 4λ1/2i
) (4.3)
and
Tk+1 = 1
k
k∑
i=1
λ2i +
1
n2k
k∑
i=1
λi
(
n2 + (2n + 4)λ1/2i
)(
n2 + 4λ1/2i
)
. (4.4)
Proof of Theorem 4.1. Let x1, x2, . . . , xn+1 be the standard coordinate functions of the Euclid-
ean space Rn+1; then
Sn =
{
(x1, . . . , xn+1) ∈Rn+1;
n+1∑
α=1
x2α = 1
}
.
It is well known that
xα = −nxα, α = 1, . . . , n + 1. (4.5)
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that is, we have
2ui = λui in Ω, ui |∂Ω = ∂u
∂ν
∣∣∣∣
∂Ω
= 0,
∫
Ω
uiuj = δij . (4.6)
For any δ > 0, by taking h = xα in (2.4), we have
k∑
i=1
(λk+1 − λi)2
∫
Ω
(−xαu2i xα − 2xαui〈∇xα,∇ui〉)
 δ
k+1∑
i=1
(λk+1 − λi)2
∫
Ω
xαui
(
(uixα) + 2〈∇xα,∇ui〉 + 2
〈∇xα,∇(ui)〉+ xαui)
+ 1
δ
k∑
i=1
(λk+1 − λi)
∥∥∥∥〈∇xα,∇ui〉 + uixα2
∥∥∥∥
2
.
Taking sum on α from 1 to n + 1, we get
k∑
i=1
(λk+1 − λi)2
n+1∑
α=1
∫
Ω
(−xαu2i xα − 2xαui〈∇xα,∇ui〉)
 δ
k+1∑
i=1
(λk+1 − λi)2
n+1∑
α=1
∫
Ω
xαui
(
(uixα) + 2〈∇xα,∇ui〉
+ 2〈∇xα,∇(ui)〉+ xαui)
+ 1
δ
k∑
i=1
(λk+1 − λi)
n+1∑
α=1
∥∥∥∥〈∇xα,∇ui〉 + uixα2
∥∥∥∥
2
. (4.7)
Using
∑n+1
α=1 x2α = 1 and (4.5), we infer
n+1∑
α=1
∫
Ω
(−xαu2i xα − 2xαui〈∇xα,∇ui〉)
=
∫ (( n+1∑
α=1
x2α
)
nu2i − ui
〈
∇
(
n+1∑
α=1
x2α
)
,∇ui
〉)
=
∫
nu2i = n, (4.8)
Ω Ω
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α=1
∫
Ω
xαui(uixα) =
n+1∑
α=1
∫
Ω
xαui(−nuixα)
= −n
n+1∑
α=1
∫
Ω
xαui
(−nuixα + 2〈∇xα,∇ui〉 + xαui)
= −n
(
−n −
∫
Ω
|∇ui |2
)
= n2 + n
∫
Ω
|∇ui |2, (4.9)
n+1∑
α=1
∫
Ω
xαui
(
2〈∇xα,∇ui〉
)= 2 n+1∑
α=1
∫
Ω
(xαui)〈∇xα,∇ui〉
= 2
n+1∑
α=1
∫
Ω
(−nxαui + 2〈∇xα,∇ui〉 + xαui)〈∇xα,∇ui〉
= 4
∫
Ω
n+1∑
α=1
〈∇xα,∇ui〉2 = 4
∫
Ω
|∇ui |2 (4.10)
and
n+1∑
α=1
∫
Ω
xαuixαui = −n
∫
Ω
uiui = n
∫
Ω
|∇ui |2. (4.11)
Therefore,
∫
Ω
xαui
(
(uixα) + 2〈∇xα,∇ui〉 + 2
〈∇xα,∇(ui)〉+ xαui)
= 4
∫
Ω
|∇ui |2 + n
∫
Ω
|∇ui |2 + n2 + n
∫
Ω
|∇ui |2
= n2 + (2n + 4)
∫
Ω
|∇ui |2  n2 + (2n + 4)λ1/2i (4.12)
and
n+1∑
α=1
∥∥∥∥〈∇xα,∇ui〉 + uixα2
∥∥∥∥
2
=
∫
Ω
n+1∑
α=1
(
〈∇xα,∇ui〉2 − n〈∇xα,∇ui〉uixα + n
2u2i x
2
α
4
)
= n
2
4
+
∫
|∇ui |2  λ1/2i +
n2
4
. (4.13)Ω
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n
k∑
i=1
(λk+1 − λi)2  δ
k∑
i=1
(λk+1 − λi)2
(
n2 + (2n + 4)λ1/2i
)+ 1
δ
k∑
i=1
(λk+1 − λi)
(
λ
1/2
i +
n2
4
)
.
Taking
δ =
{ ∑k
i=1(λk+1 − λi)(λ1/2i + n
2
4 )∑k
i=1(λk+1 − λi)2(n2 + (2n + 4)λ1/2i )
}1/2
, (4.14)
we get (4.1). 
Proof of Corollary 4.1. One can check by induction that
{
k∑
i=1
(λk+1 − λi)2
(
n2 + (2n + 4)λ1/2i
)}{ k∑
i=1
(λk+1 − λi)
(
n2 + 4λ1/2i
)}

{
k∑
i=1
(λk+1 − λi)2
}{
k∑
i=1
(λk+1 − λi)
(
n2 + (2n + 4)λ1/2i
)(
n2 + 4λ1/2i
)}
. (4.15)
It follows by substituting (4.15) into (4.1) that
k∑
i=1
(λk+1 − λi)2  1
n2
k∑
i=1
(λk+1 − λi)
(
n2 + (2n + 4)λ1/2i
)(
n2 + 4λ1/2i
)
. (4.16)
Hence
λk+1  Sk+1 +
√
S2k+1 − Tk+1, (4.17)
where Sk+1 and Tk+1 are given by (4.3) and (4.4), respectively. Corollary 4.1 follows. 
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